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Il Semester M.Sc. Degree Examination, July 2017
(CBCS)
MATHEMATICS
M202T : Complex Analysis
Time : 3 Hours Max. Marks : 70

Instructions : 1) Answer any five questions.
2) All questions carry equal marks.

1. a) Define harmonic functions and evaluate jﬁis

b) Define Bilinear transformation. Find the bilinear transformation which maps
the pointsz=1,i,—-1,intow =i, 0, —1i.

dz whereC:|z+1—i|=2.

c) State and prove Morera’s theorem. Also evaluate

2z
JZS_1 dz C:z| =3. (3+4+7)

2. a) State and prove Cauchy’s theorem for a rectangle.
b) Letf(z) be analytic in a region G witlrzeros a,, a,, ...., a,, repeated according
to multiplicity. If v is a simpleclosed curve in G which does not pass
1 (2 u
through any a,, then, provethat — [—~—~dz=Y'n(r:a ).
gh any a, p zmif(z)z 2.0 ay)
c) State and prove Liouville’s theorem. (6+5+3)

3. a) Find the radius of convergence of :

)3 oz i) 3 %

n=1 n n=0 n!

b) Define radius of convergence of a power series. If R is the radius of
convergence of Zanz” , then prove the following :

i) The power series converges for |z| < R and diverges for |z| > R.

i) When R =0, the power series diverges forall z=0e ¢ and when R=«,
it converges for all ze ¢ .
1
Z*(z-i)
)O0<|z|<1 i) O<|z—i|<1 i)y |z—-i|>1. (4+6+4)

c) Find the Laurent’s series expansion of f(z) = in

P.T.O.
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4. a) State and prove Taylor's theorem.

b) Let z = a be an isolated essential singularity of an analytic function f(z) and
k={]|z-a]| <r}be a neighbourhood of ‘a’. For a given £>0 and any

complex number &, prove that there exists a pointzwithO<|z—a| <rsuch
that |f(z) — €| < «.

c) Prove that an analytic function comes arbitrarily close to any complex
number in the neighbourhood of an essential singularity. (5+6+3)

5. a) Define residue. If f(z) has a pole of order m then prove that

1 m-1

(m—1)! lim dz™ {z-a)"(2)}

Res f(a) =

b) Evaluate the following :
2

N X o p sin x
i) jmdx i) jmdx. (4+5+5)

—oo oo

6. a) Outline the argument principle, and-explain why it is called by that name.

b) Suppose f(z) and g(z) are analytic”inside and on a closed curve V and
| f(z)| > g(z) | Vz, then showsthat nfumber of zeros of f(z) + g(z) equals zeros
of f(z).

c) Show that all roots of p(z) = z8 + 4z3 + 10 lie between 1<[z[<2, (4+5+5)

7. a) State and prove Phragmen Lindel of theorem.
b) State and prove Riemann mapping theorem.

c) Using the result of the Weier-Strass factorization theorem, construct an
entire function having zero’s at 1, 2, 3. (6+5+3)

8. a) Let f(z) be analytic in the region |z|<p and let z=re® be any point of this
region. Then prove that
o 177 (RP-r?)f(Re")d
f(ree)zz_J' 2( ) ( ) q) =
ny R®—2Rrcos(0+0¢)+r

b) Derive the Jensen’s formula with standard notations. (8+6)
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